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x ∈ [ 12 , 1[
±MPOXIxZ]_fZkZ\[P$tZp+VvaOY[gjY[]_X²¢
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k ln 2) = 2k ·exp(x) ^`YluYlXZ^WbjKMPpd7XZ^P [0, ln 2[ ± 2x+k = 2k ·2x ^`Yl1YlXZ^WbjKMPpd7XZ^P [0, 1[ ±
sin(x + k π2 ) = fk(x)
YlbjK
fk = ± sinx
]_p
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P£Y[ggjKZpjfZXZ¦ 5fZpjbjKMPOpe¢K;]_p
P<¤Zd7NtZ\[P`±EEPIpjYlb+P






(x0, sinx0, cos x0)
sY[g$gjb+]_p+Pvx£YlX bjKMP/bd7kZ\[PQd7XMx



















]7 d7\lNQ]`gjb$p+PO^`fZ\¨d7pj\li gjt;d_avPvxxY[g+bjYlXZ^`fZY[gjKMPvx t?]_YlXnb+g$KZY[aK YlNd7^Pvg$knibjKMP¡fZXMaObjY[]_X¡]_p
bjKMPp+PO\¨d7b+PvxI¡fZXMaObjY[]_XMgd7p+PfZXufMgjf;d7\l\liIaO\[]`gPb+]Nd_a+KZYlXMP/XufZNSk?POp+ge¢DJKMPbd7kZ\[P`±?]7EgjYIePd
¬PO¦1Yl\[]_kni1b+PvgaF {.J±Y[g]_kZbd7YlXMPvx &('* d/tZp+P<av]_NtZfZbd7bjY[]_XIk;d_gPvx]_XIdX;d7YlP~g+Ped7p+aK²¢











bjKMPOp+P/d7p+P~b«E]®p+PO\¨d7b+Pvx35fZXMaObjY[]_XMge­;EPNQ]uxY ¡ibjKMP~\¨d7bjbjY[avP<k;d_gPvx£d7\l^]_pjYlbjKZN ]7F R`R±+R`|.Jb+]
µMXMx3gjYlNSfZ\lbd7XMPv]_fMgj\lik;d_x¯aed_gPvg¡]_pb«E]Q5fZXMaObjY[]_XMge¢

































d_aOb+g/d7k]_fZbbjKMPJ  M d7XMx U~d7\gd_avaOfZpd7b+P®bd7kZ\[PvgNQPObjKM]uxD¢ =Xªr1PvaObjY[]_X³|3EPxZPvg+aOpjYlk?P
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g+Y[xZPOpd7p+Pp+PO^nd7p+xZPvx³d_g$kZ\¨d_a+¦uk]e¤Pvgp+PObjfZpjXZYlXZ^fZXZY ¡]_pjN\li xY[gjbjpjYlkZfZb+Pvx ]_fZbjtZfZb+ge¢ ?)¤t?POpjY 
NQPOXub+gcav]_pjp+]_k?]_pd7b+PSPOpji®EPO\l\bjKZY[gNQ]1xZPO\¢Z¶ P$fMg+P~Ylbb+]QxZPvg+aOpjYlk?PU$d7\gs]_pjYl^`YlX;d7\g+aKMPONQP
d7XMx¯b+]/^`YlP$bjKMP$k;d_gjY[aWY[xZPed_gsav]_XMavPOpjXZYlXZ^bjKMP$Jd7kZ\[P  d7¦POpeg%MsYl\[PONNd¢






























d7p+PYlXMxZPOtPOXMxZPOXubQpd7XMxZ]_N `d7pjY¨d7kZ\[PvgfZXZY ¡]_pjN\li xY[gjbjpjYlkZfZb+Pvx
YlX {0, 1} ¢!JKZY[gYlNtZ\lY[Pvgcg+]_NQP$fMgP<5fZ\DtZp+]_t?POpjbjY[Pvge­




























f1, f2 : [
1
2 , 1[→ [a, b[
¬]_pSg+]_NQP















































Y[xZPOXnbjY[aed7\¥kZYlb+g~g+bd7pjbjYlXZ^5p+]_N g+]_NQP/^`YlPOX t?]`gjYlbjY[]_X Y[g$]7aed7p+xYlX;d7\lYlbi d7p+]_fZXMx
2n−2p
±
d7XMx bjKMPINd¤1YlNfZN xY[gjbd7XMavPIk?PObEPvPOXb«E] av]_XMg+PvaOfZbjYlP£PO\[PONQPOXnb+g®Y[g\[PvggQbjK;d7X ≈
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2x = 2x0 · 2h,











































































∣ ≤ 2−10 d7XMx
∣




∣ ≤ 2−10 ¬]_p sinx,
KMPOp+P
e = 1











k?Pbd7¦POX kui |h| ¢  ]_p+Pv]ePOpe±¥bjKZY[gg+POb]7~xY[gjbjYlXZ^`fZY[gjKMPvx t]_YlXub+gQ^`YlPvg®d£NQ]_p+P3d_avaOfZpd7b+PYlNtZ\[PONQPOXubd7bjY[]_X]7?bjKMP5fZXMaObjY[]_X²­ugjYlXMavP |x−x0|
Y[g¥k?]_fZXMxZPvxQkni ≈ 2−12 ±`bjKMPµMX;d7\]_fZbjtZfZb¬]_p
f(x)
aed7X¯k?PWNd_xZP~d_avaOfZpd7b+P~YlbjK ≈ 63 kZYlb+g]7)tZp+PvaOY[gjY[]_XId7\lbjKM]_fZ^`K¯bjKMP$aed7\[aOfZ\¨d7bjY[]_XMgd7p+PINd_xZP£YlbjKxZ]_fZkZ\[Pvge¢ c^nd7YlX YlXbjKMP3pd7XMxZ]_N NQ]1xZPO\±bjKZY[g®YlNtZ\lY[PvgbjK;d7b®bjKMPI`d7\lfMP
¶0¶¸·¹Lº»º¼









































[ 12 , 1[n
gjfMaK¯bjK;d7be­
 |2n · f(x) aONQ]1x 1| ≤ 2−m ¡]_pbjKMP xYlp+PvaOb+Pvxp+]_fZXMxYlXZ^ NQ]1xZPvg5b+]d7p+xZg 0 ± +∞]_p −∞ <±
 |2n · f(x)− 12
aONQ]1x

















Y  |253 · cos x aONQ]ux 1| ≤ 2−m ±d m k;d_x9aed_g+P¬]_p sinx Y  |253 ·
sinx
aONQ]ux
1| ≤ 2−m KMPOX x ∈]π6 , 1[
d7XMx |254 · sinx aONQ]ux 1| ≤ 2−m Y  x ∈ [12 , π6 [
¢













Y[g®bjK;d7bbjKZY[g®_d7\lfMPIY[g®K;d7p+x b+] av]_NtZfZb+P`¢JKMPP<¤K;d7fMgjbjYlP£g+Ped7p+a+KY[g®kni ¬d7p®YlX¡Ped_g+YlkZ\[P
k?Pvaed7fMg+P]7!Ylb+g ≈ 2n av]_NtZ\[P<¤Ylbi¢  P<¬LO1p+Pd7XMx  fZ\l\[POptZp+]_t?]`g+Pvxd ≈ 22n/3 d7\l^]_pjYlbjKZN FIHe|±HOZJ±KZY[a+K
d_g3gjfaOY[POXub3b+]³t?POp,¡]_pjN g]_NQP gji1g+b+PONd7bjY[a E]_pj¦YlX
xZ]_fZkZ\[P tZp+PvaOY[g+Y[]_X²¢
rub+POKZ\[V`±  P<¬LO1p+Pd7XMx!YlNNQPOpjNd7XZXF R`R.J1^ndePd^POXMPOpd7\lYId7bjY[]_XQ]7MbjKZY[gd7\l^]_pjYlbjKZN kni~fMg+YlXZ^
\¨d7bjbjY[avP<k;d_gPvx ]_tZtPOp+gjNYlbjK²gW]_pj¦3b+]µMXMx£gjNd7\l\p+]1]_b+gW]7©NQ]1xfZ\¨d7pt?]_\li1XM]_NY¨d7\[gF |±,ZJ¢
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0Y[gp+]_fZ^`KZ\li9bjKMP®g d7NQP`±Y¢P`¢ ≈ 2−10 ­gjYlXMavP®bjKMPav]uP<aOY[POXub+gQ]7cbjKMP®t]_\li1XM]_NY¨d7\d7p+PxZ]_fkZ\[Pvg/d7XMxg+YlXMavPQbjKZY[g~Y[g/d7\[g+]3bjKMPQE]_pj¦1YlXZ^tZp+PvaOY[gjY[]_X²±²bjKMP®xZPO^`p+PvP<
1
av]1P<aOY[POXnbY[gav]_pjp+PvaOb



























sinx = sinx0 · cos h + cos x0 · sinh (1)






S(h) = h− a3h3 + a5h5
d7XMx









i ∈ {3, 4, 5} ¢	gjYlXZ^bjKMPd_aOb©bjK;d7b |h| ≤ 2−10.977d7\[]_XZ^YlbjK  d7^`pd7XZ^P`gk?]_fZXMxD±ZP~]_kZbd7YlX3bjK;d7be­
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≤ 2−76.839 · 2−12.299 + 2−56.584 · 2−32.931 + 2−62.906 · 2−54.885
≤ 2−88.314,











































¢ i/av]_XMgjbjpjfMaObjY[]_XPK;dvP |c0−cos x0|, |s0−
sinx0| ≤ 2−74
¢  POb






k← o(h2) |k − h2| ≤ 2−54−21 ≤ 2−75 k ≤ 2−21.953
k′ ← o(h · k) |k′ − h3| ≤ 2−10.977−75 + 2−54−32 ≤ 2−84.988 |k′| ≤ 2−32.930
S∗ ← o(a5 · k) |S
∗ − a5 · h
2| ≤ 2−6.906−75 + 2−54−28 ≤ 2−80.952 |S∗| ≤ 2−28.859
S∗ ← o(S∗ − a3) |S
∗ − (−a3 + a5 · h
2)| ≤ 2−80.952 + 2−54−2 ≤ 2−55.999 |S∗| ≤ 2−2.584
S∗ ← o(k′ · S∗) |S∗ − S∗(h)| ≤ 2−84.988−2.584 + 2−55.999−32.930 + 2−54−35 ≤ 2−86.754 |S∗| ≤ 2−35.513
C∗ ← o(a4 · k) |C
∗ − a4 · h
2| ≤ 2−4.584−75 + 2−54−26 ≤ 2−78.777 |C∗| ≤ 2−26.536
C∗ ← o(C∗ − 1
2
) |C∗ − (− 1
2
+ a4 · h
2)| ≤ 2−78.777 + 2−54−2 ≤ 2−55.999 |C∗| ≤ 2−1.000










 h′ ← ofma(s0 + c0 · h)
¢
 t← o(h′ − s0)
¢
 l← ofma(t− c0 · h)
¢





h′ + l = s0 + c0 ·h
d7XMx |(h′ + l)− (sin x0 +cos x0 ·h)| ≤ 2−74 +2−74−10.977 ≤ 2−73.999.
¶ PXM]av]_NtZfZb+Pg+]_NQPS\[Pvggg+Yl^`XZY µ;aed7Xnb$kZYlb+ge±!KZY[a+K YlX£t;d7pjbjY[aOfZ\¨d7p~gjfavPb+]®p+]_fZXMx
av]_pjp+PvaObj\libjKMP$p+Pvg+fZ\lbNQ]`gjbc]7)bjKMPWbjYlNQP`¢
S∗ ← o(c0 · S
∗) |S∗ − cos x0 · S
∗(h)| ≤ 2−74−35.513 + 2−0.188−86.754 + 2−54−35 ≤ 2−86.631 |S∗| ≤ 2−35.700
C∗ ← o(s0 · C
∗) |C∗ − sin x0 · C





C∗ ← o(S∗ + C∗) |C∗ − (cos x0 · S
∗(h) + sin x0 · C
∗(h))| ≤ 2−86.631 + 2−74.610 ≤ 2−74.609
C∗ ← o(l + C∗) |(h′ + C∗)− sin x| ≤ 2−74.609 + 2−73.999 + 2−1−106 ≤ 2−73.271.
¶ KMPOX bjKMP¯xY[g+bd7XMavP¯k?PObEPvPOX














1−2−19.271 ±KZY[a+KNd7¦PvgEbjKMP 99.9% Pvg+bjYlNd7b+Pc]7U$d7\;YlXMaOp+Ped_gPb+] ≈ 99.9998% ¢
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=«X bjKZY[ggjfZkMg+PvaObjY[]_XPxZPvg+aOpjYlk?PQKM] ]_XMPav]_fZ\[xPO`d7\lf;d7b+P
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KMPOp+P |h| Y[gg+Nd7\l\[POpbjK;d7X 2−10.914 ¡g+PvPr1PvaObjY[]_X {3<¢¶ P/xZ]®bjKZY[gWkni£PO`d7\lf;d7bjYlXZ^bjKMPt?]_\li1XM]_NY¨d7\










YlbjKPOpjp+]_p~k?]_fZXMxZPvx kni ≈ 2−63KMPOX |h| ≤ 2−10.914 ¢JKZY[gYlNtZ\lY[PvgbjK;d7bY  x Y[gXM]_bsd 10 k;d_x¯aed_g+P`±bjKMPW`d7\lfMP$aed7\[aOfZ\¨d7b+Pvxg]¬d7p~¡]_p
2x
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2−106.821+1 + 2−41−53 · 1.000360 + 2−114+1 ≤ 2−93.999.
¶0¶¸·¹Lº»º¼
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av]_NtZ\[P<¤YlbiI]7 ≈ 2n/2 §YlXMgjb+Ped_x]7 ≈ 2n ¬]_pcbjKMPP<¤1K;d7fMgjbjYlPg+Ped7p+aK²±d7XMx ≈ 22n/3 YlbjK P<¡LO1p+P`gcd7\l^]_pjYlbjKZN¯¢

















































































2 · det(L)1/4 ¢  ]_p+Pv]POpe±MbjKMPWEPO\l\ ¦1XM]eX   d7\l^]_pjYlbjKZN FIHe{.J¥aed7X£kPfMg+PvxIb+]QµMXMx dPvaOb+]_pWKZY[a+K Y[gXM]_bsNfMa+K \[]_XZ^POpWbjK;d7X£bjKMPµMp+gjb
NYlXZYlNfZN¯¢
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[  1, . . . ,  4]
 d\WEIU*'U
i
L ⊂ Z5 ' \ M = VN( i||  i||
%
 Zz3 Z'V rd &('*!ja'Xm*'VN
O(log3 M)
P')
[  1, . . . ,  4]
*'))\[Z')Xz 
||  1|| ≤ 4λ1(L) ≤ 4
√
2 det(L)1/4.






        ¼  ¨    «¼ Q  ¸
sin x





















x ∈ [− T2n , T2n ]g+fMa+K¯bjK;d7be­
|2n · fi(x)
aONQ]1x



























=X bjKMPQd7\l^]_pjYlbjKZN PfMg+PQd®p+]_fZbjYlXMP  d7bjbjY[avPvwcPvxfMavP`±²KZY[aKaed7XPOYlbjKMPOp$k?P/bjKMP   
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	·21
F1 3 ·54 F2 653 ·547
8)*:91;<
	>=?@ ·
	??0	1 M 6 T A "%$B #"($& C > 
t ∈ [−T, T ]
1;-2/D7
	 3 




P1(t), P2(t) H ?I





 |Pi(t)− Fi(t)| < ε +P |t| ≤ T 3 ·24 i ∈ {1, 2} » :G ?0

M ′ = b 1/2
1/M+ε
c 6 C = 3M ′ 653 ·542Q P̃i(τ ) = bC · Pi(Tτ )e +. i ∈ {1, 2} R :G ?0

e1 = 1 6 e2 = τ 6 e3 = τ 2 6 e4 = υ 6 e5 = φ º :G ?0

g1 = C 6 g2 = C · τ 6 g3 = P̃1(τ ) + 3υ 6 g4 = P̃2(τ ) + 3φ S EO 	? 3 
	?I
	2? 4× 5 ·
	? 3  ! 3 
;	<L L )M2?T	? Lk,l 1U
	2?V/?0WE/?d·
+X
	?IE·E 3   el · gk Y 











		1C+ V 653 ·54 Qi(τ ) 
	? 3 1;1;/0 3 
	?B4]9  K ·2E 3  1 ¼  ^+X
	2?T	?I?0L1\
	1
i ∈ {1, 2, 3}
1;-2/D7
	 3 
 || [ i||1 ≥ C 6 	?0
	-;·(_a`   G!bTFc EG ?0

Q(τ ) H ? 3  ·2? 3 d/0 H · 3 
	·e+f
	2? Qi g 1h)M2/Di>17·54?09?d·54?d·





q(t) = Q( t
T
)









    ¼ 7 ¸ `  ¸ e ¼     ¸ 	  ¼  A  
JKMP$¡]_\l\[]YlXZ^QbjKMPv]_p+PON ^`YlPvgbjKMPSav]_pjp+PvaObjXMPvg+gc]7)bjKMPSd7\l^]_pjYlbjKZN¯¢
  ¸u¼  ¸   xX










i ∈ {1, 2} w













1| < 1M + ε ≤ 12M ′
¢!ruYlXMavP |C · Pi(Tτ)− P̃i(τ)| ≤ 32¬]_p |τ | ≤ 1 ±knia+KM]1]`gjYlXZ^ τ0 = t0T
P$^POb |P̃i(τ0)
aONQ]1x
C| < 3 ¢¶°KMPOXMavPbjKMP
gi
gK;dvPdav]_NNQ]_Xp+]1]_b



























	? ·2? 3 	?1\
*? 3 /Tp/?TWE/?d·
*+ C ·Pi(Tτ )  '*1>=?1 3 ·k?0 >?0E?d·
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± |aik| = O(1)
¢
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2 + 3 = O(M 3 · T 3 ·N−1).
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(log N) · NT
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m ≥ 42 ± 973 YlbjK m ≥ 43 ±
491
YlbjK
m ≥ 44 d7XMx 265 Y 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2−9.914
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∣ ≤ 2−34 d7XMx
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∣ ≤ 2−40 d7XMx
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) log(1−21−p) ≤ 2n−1−2p(n−1−
p
2 )(2
1−p+22−2p) ≤ 2p−n+1 ·222−p ≤ 2·2p−n+1,
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